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ABSTRACT 
This paper gives a proof of the fact that the chromatic number of an orientable 
surface of genus p is equal to the integral part of (7 + a/1 + 48p)/2 whenever the latter 
s congruent to 8 modulo 12. 
1. INTRODUCTION 
The Heawood conjecture states that if S~ is a closed orientable surface 
of genus p > 0, then x(S~), the chromatic number of S~, is equal to H(p),  
the Heawood number of S~, defined as 
[ 7+'C1  +48p 
2 ]" (1) H(?) 
The Heawood theorem is that 
x(S~) <<, H(p) if p > 0. (2) 
It is essential that the reader consult [3] as a general reference for terms 
and notations which may be unfamiliar. 
The Heawood conjecture withstood attack for 78 years but was finally 
confirmed completely, early in 1968. As usual the argument is in dual 
form. If K is a graph without loops and multiple edges, then y(K), the 
genus of K is the smallest integer p such that K can be imbedded in S~. If 
I(n) = I (n-3)(n12 - -4 )  I for n >~3, (3) 
then it has been shown that 
v(K,) >/I(n), (4) 
* Both authors received partial support from the National Science Foundation. 
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where K, is the complete graph with n vertices. This is generally known 
as the complete graph theorem, and the complete graph conjecture is that 
7(K,) = I(n) if n ~> 3. (5) 
It has been shown that (5) implies the truth of the Heawood conjecture 
(see [4]). 
This paper proves the conjecture for those surfaces S~ with the property 
that It(p) ~ 8 (mod 12). In dual form this means we shall prove (5) 
for Case 8; that is, forn ~ 8 (rood 12). 
In spite of its early publication this case is one of the last three to be 
confirmed, mainly because (n -- 3)(n -- 4) ~ 0 (rood 12) ifn ~ 8 (mod 12), 
and hence a triangular imbedding of Kn is impossible. In all such cases 
one attempts to modify K~ so as to obtain a new graph K for which the 
Euler formula does not rule out the possibility of a triangular imbedding 
in an orientable surface. 
To this end it is useful to know that, if K is a graph without loops and 
multiple edges, and K is triangularly imbedded in an orientable surface S, 
then 7(K) = 7(S) and 
67(S ) = 6 -- 3% -5 ~1, (6) 
where % is the number of vertices, and % the number of arcs in K. 
A natural modification is to consider Ka2s+8 --/s for which a triangular 
imbedding has been found. In fact such a modification succeeds for Case 11 
in [3]. However, in Case 8 we cannot solve the additional adjacency part 
of the problem (see Section 4) and have to modify K12s+8 in some other way. 
Consider the graph Ml~s+8 consisting of 12s-5 9 vertices 0, 1, 2 ..... 
12s + 5, x, Y0, Y~ and the arcs joining the following vertices: all pairs of 
distinct vertices identified by numbers are joined; x is joined to all num- 
bered vertices; Y0(YI) is joined to all even (odd) numbered vertices. It is 
to be noted that the vertices identified by letters are not joined to each 
other. 
This graph was used in [5, pp. 356-357], where it is denoted by L 2 12S+8 
and used to solve the corresponding problem for non-orientable imbed- 
dings. A direct computation using (6) shows that the Euler formula does 
not preclude the possibility of a triangular imbedding of Mx2~+8 in an 
orientable surface S, and that, if this can be done, then 
y(M12s+8) = 7(S)  = I (12s  -~- 8) - -  1. 
Obtaining such an imbedding is known as solving the regular part of 
the problem. Once this has been solved we propose to identify Yo and y~ 
to obtain a single vertex y, and then join x to y, without adding more than 
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one handle to S. Thus we shall obtain an imbedding of Ka~s+2 in a new 
surface of genus y(S) q- 1. This is called the irregular or additional adja- 
cency part of the problem. The two parts show that 
~(KI~8+s) ~< I(12s -k- 8) 
and, in view of (4), solves the complete graph conjecture for Case 8. 
The problem was solved, at the end of October 1967, if n = 12s q- 8 
and s is even. By the middle of the next month we had a solution if s is odd 
but it initially required three subcases and an additional adjacency 
argument entirely different from that employed if s is even. By the end 
of the year the number of subcases had been reduced to two but this was 
hardly a significant improvement. During May 1968, the problem was 
re-examined and a unified solution was found essentially independent of 
flae parity of s. The additional adjacency argument employed was that of 
October 1967. We present here the first and last of these solutions. It  
should be stated that our methods leave (5) in doubt if s = 0, 1, and 3. 
Here we rely on the work of Heffter [1] and Meyer [2], who proved (5) 
if n = 8 and 20, respectively. A special solution is presented at the end 
of the paper ifn = 44. This is inelegant and it is hoped it can be eliminated. 
2. AN EXAMPLE 
As an illustration consider the situation for s = 2. The currents in 
Figure 1 are from Z30. 
I 10 2 4 
9 12 6 3 
t4 5 15 11 
15 
FIGURE 1 
Notice that: 
I. Each element 1,..., 15 of Z3o appears exactly once and 15, the element 
of order 2, appears on the singular arc. 
Moreover: 
II. The rotations indube a single circuit. 
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Row 0 ofthe scheme determined by Figure l is  
15 8 27 4 6 17 5 14yo 16 21 1 x29  20 
18 13 19 22 7 3 11 24 28 10 9 25 12 2 26 23. 
Row i is obtained by adding i to the elements of Za0 in row 0 without 
any change in the order. The position of x and Yo are unchanged, however, 
Y0 is replaced by Yl in the odd rows. 
The "letter" rows are determined by our goal, which is to obtain a 
triangular scheme for M82 9 This means that rule R* must hold and hence 
x. 0 1 2 ... 29 
Yo. 0 14 28 ... 16 
y l .  1 15 29 ... 17 
Every element but no letter appears in row x, the even (odd) elements 
but no letter appears in row Yo(Yl). 
This is so because: 
III. The current flowing into x generates Z3o 9 
IV. The current flowing into y generates the subgroup Of Z3o consisting 
of all even elements. 
Because of I and II, in row i every element of Zso other than i is found; 
moreover x is in row i while Yo but not y~ ( y~ but not Y0) is in row i if i 
is even (odd). Hence the scheme is for Ma2. 
Observe that: 
V. Each vertex of the diagram other than x and y is of valence 3. 
VI. Kirchhoff's current law is satisfied at each vertex of valence 3; 
that is, at these vertices the sum of the 3 inward flowing currents is 0 in Z3o . 
In exactly the same fashion as in [3] the presence of these last two 
properties guarantees that the scheme for M32 is triangular. Thus the 
regular problem is solved in Case 8 for s = 2. For larger s we propose 
to manufacture a larger diagram having the corresponding six properties 
emphasized above. 
3. GENERAL SOLUTION OF THE REGULAR PROBLEM 
For s ~ 2 consider the ladder-like diagram of Figure 2 where the total 
number of rungs is 2s. 
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1 6s - 2 2 4 
6s -3  6s 6 9 . 6s  + 3 
6s+2 5 6s  + 1 6s - I  
FIGURE 2 
Note that V of  the last section is satisfied by this graph. Where rotations 
are not displayed, place 9 on the upper horizontal and o on the lower. 
It is easy to see that I[  is satisfied. A direct computation shows that [ I [  and 
IV are satisfied. 
The currents from Zlz~+6 to be assigned to the diagram are taken in pairs 
P~: 3k+ 1 and 6sq-2 - -3k ,  k---- 0 ..... 2s 
as in [3]. These will be located on arc pairs while the rungs will carry 
currents which are multiples of  3. The pairs P0, P2.~-1, P2s and P1 already 
appear on the diagram in this order reading from left to right. This is also 
true of  the currents 6, 6s --  3, 6s, and 6s + 3, with the last appearing on 
the singular arc. Note that VI is satisfied at the six vertices of  valence 3 
to the left of  the diagram. As explained in [3], the regular problem is solved 
if we can solve the following coil problem derived from the above data. 
Take a P-axis drawn horizontally with integral positions 0 ..... 2s 
initially marked with dots. A coil with labeled arches must be devised 
so as to satisfy four conditions. 
(C1) The coil must begin at P = I (marked o) but can terminate at any 
unused P. (This is because, in contradistinction to Case 11, the right side 
of  Figure 2 does not specify any currents. 
(C2) The coil does not pass through the same dot more than once, 
but does pass through all the dots P = 8, l, 2 "" 2s --  2, 2s --  1, 2s. The 
omitted dots are marked x. 
(C3) No two arches have the same label, but the labels exhaust the 
collection 1, 2, 3 ..... 2s - -  2, 2"s --  1, 2s. (The labels which are omitted 
reflect the fact that 3 9 2, 3 9 (2s --  1) and 3 9 2s are already on the diagram.) 
(C4) 1fan arch o f  the coil joins P = u to P ---- v then the arch is labeled 
by its length I u -  v I or the complement o f  its length 2s + 1 --  I u - -  v [. 
I f  s is even and positive we get the solutions hown below. To be entirely 
general, we do not label any of  the arches but observe that in the general 
case the sequence of arch lengths will be 2s --  4, 2s --  5, 2s - -  4, 2s -- 5; 
2s --  8, 2s - -  9, 2s - -  8, 2s - -  9; ... 8, 7, 8, 7; 4, 3, 4, 3; 1. Now one arch 
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of length 2s - -  4k, k = 1,..., (s/2) --  1 is labeled 2s - -  4k  and the other 
4k + 1; one arch of  length 2s - -  4k -  1, k = 1 ..... (s/2) - -  1 is labeled 
by its length, the other, 4k + 2; the last arch, of  length 1, is labeled 1. 
All this is in accord with C4 and the set of labels satisfies C3. The 
continuation if s = 6 (Figure 3) follows the pattern for s = 4. 
S =2 X o.4o x x 
s= 4 
FIGURE 3 
It is possible that the reader may prefer, for optical reasons, to "stretch 
out" the coils and obtain a zigzag diagram (see [3]) as illustrated in 
Figure 4 for s = 6. 
o 9 9 9 9 9 9 9 9 9 x x 
o 
1 1 
__ ]  
F 
__ J  
k_ 
F IGURE 4 
This completes the first solution to the regular part of  the problem 
mentioned in the introduction but does not generalize to the case in 
which s is odd. 
The final solution if s is odd is by means of  a different pattern of arches 
and here we believe a zigzag diagram is to be prefered. There is no solution 
if s = 1 or 3. 
We use steps of  length 1, 3, 4 ..... s each twice except 1. One step 
k ~ 3 ..... s is labeled by its length, the other by 2s + 1 - -  k in accordance 
with C4. This gives us the labels 1, 3, 4,..., s and s + 1 ..... 2s --  3, 2s --  2 
as required by C3. We record the step lengths to the right of  the zigzag. 
(See Figures 5, 6, and 7). 
SOLUTION OF THE HEAWOOD MAP-COLORING PROBLEM--CASE 8 359 
s=5 x o o o o o o o o X X  
5 
~ ] 4 
[ 3 
I i 
F 3 
I 4 
FIGURE 5 
s=7 x o 9 9 9 9 9 9 9 9 o 9 9 x x 
[ 
[ - -  
1 
__1  
[ __  
] 
1 
FIGURE 6 
7 
6 
5 
4 
5 
5 
4 
5 
6 
7 
1 
s=9 X o o o o o o o o o o o o o o o o X x  
o ] 9 
8 
] 
[ 5 
I 
1 3 
I 5 
I 
] 8 
I 4 
FIGURE 7 
The cont inuat ion is entirely regular. For  s odd the sequence of  step 
lengths is 
(i) s, s - -  1, s - -  2,..., 5, 4, 3; fol lowed byf ive  lengths, 
(ii) s - -4 ,  s - -3 ,  s - -2 ,  s - -  1, s, andthen  
(iii) 3, 4, 5,..., s - -  5 and a final 1. 
One always terminates at 'P  = 2s - -  2. 
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Practically the same solution is possible if s is even and greater than 6. 
The sequence of step lengths (i) and (i.ii) are the same while (ii) is taken 
in the opposite order, s, s --  1, s - -  2, s --  3, s - -  4. We show only the 
zigzag for s = 8 (Figure 8). 
s= B •  
o 8 
f 7 
I 6 
J 5 
[ _ _  4 ] 
- - J  3 
[ 8 ] 
t 5 
l _ _  4 
[ __  3 
FIGURE 8 
Hence the regular part of the problem is solved in an essentially unified 
way for all s ) 7. 
4. THE ADDIT IONAL ADJACENCY PROBLEM 
Consider the dual decomposition of the triangular imbedding of Ml~s+8 
obtained in the preceding section. Regard this as a map on S in which 
each 2-cell is a country identified by the vertex of Ma~s+s in its interior. 
The left side of Figure 2 gives the following part of the scheme 
0 . . . .6s+2 Y0 6s+4. . .  x 12s+5 ... 6s--3 12s+l  6s 2 12s+2.. .  
4 . - . .6s+6 Y0 6s-k8 ... 
5 . . . .6s+7 Yl 6s+9 ... x 4 ... 6s+2 0 ..- 
6s+6. .-. 0 6s+8 6s-k2 .-. 
This provides a partial picture of the map on S as shown in the top half 
of Figure 9. Modify the map on S as illustrated in the lower half of 
Figure 9. 
In consequence of these modifications we have gained the adjacency 
(Yo, 5) but lost (4, Y0). The adjacencies (0, 6s -+- 2) and (6s + 6, 6s q-- 8) 
are still in the new map, they have merely changed their positions. 
Now consider the map on the torus given by Figure 10. Excise the 
country 5 from Figure 9 and the country z of Figure 10. Identify the bound- 
aries in the obvious way. 
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Yo 
F~GURE 9 
8 
5 
Yl 
5 
FIGURE 10 
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A portion of the scheme is used in modifying the map on S obtained 
by considering the dual of the imbedding. It is 
0. 31 40 4 1 x 41 ... 20 Y0 22 ... 29 15 7 --. 17 39... 
2. .-. 22 Yo 24 ... 
3. - . .x 2 ... 23 Yl 21 . . . . . .  20 0. . .  
13. ... 0 28 20 ... 
24. 13 22 28 -.. 
From these rows we have a partial picture of the map on S shown 
in the top half of Figure 12. The map is modified as shown in the lower half. 
The end result of these modifications i that we have gained the adja- 
cency (yo, 3) and lost (y0,2),  but we have added no handles to S. 
Concentrating on the left side of Figure 12 it is clear that as in Section 4 
we can obtain the adjacencies (Y0,2), (x, y) and (Y0, Yl)by adding a 
handle to S. Erase the boundary between Yo and Yl and call the new 
country y. This map has all the properties needed to show that (5) is 
true if n = 44. 
Erase the boundary between Y0 and Yl and call the resulting country . 
Thus we obtain a map of 12s + 8 mutually adjacent countries on the 
orientable surface of genus 7(S) -k 1. The dual decomposition contains the 
complete graph K128+8 9This completes the proof of (5) in Case 8, s :/: 0, 1, 
and 3. 
5. SPECIAL SOLUTION IF S = 3 
In the diagram of Figure 11 the currents are from Z42. It is easy to 
check that properties I through V[ are satisfied. Hence the diagram gives 
1 4 2 1~ 15 14 
5 6 
20 17 19 10 8 7 
FIGURE 11 
2I 
us a triangular scheme for M44 and thus a triangular imbedding of M44 
in a surface S. 
SOLUTION OF THE HEAWOOD MAP-COLORING PROBLEMmCASE 8 363 
FIGURE 12 
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